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I. INTRODUCTION

Several ironless magneto-mechanical devices used in electrical engineering require permanent magnets (PMs) and coils. We can
take the example of magnetic levitation-based electromagnetic energy harvesting [1], ironless inductive position sensors [2], contactless
energy transfer for a planar actuator [3], [4], and so on. Accurate calculation of magnetic interaction parameters is crucial for designing
applications like eddy current dampers, magnetic refrigerators, and micropumps. These calculations are essential for determining forces,
torques, and inductance in systems with moving parts or varying distances, ensuring predictable performance and efficiency. The
Coulombian and Amperian models are two equivalent ways to describe the magnetic field of a permanent magnet. The Coulombian model
treats a magnet as having magnetic poles that exert a force on each other, similar to electric charges, and uses a magnetic charge density
to calculate the field. The Amperian model views a magnet as being made of microscopic current loops (Amperian currents) and uses
these currents to determine the magnetic field. While different in their approach, they are mathematically equivalent and can be used
interchangeably to calculate a magnet's field, though one may be simpler for certain geometries. The choice between the two often comes
down to the geometry of the magnet and the specific problem being solved.

For example, the Amperian model can be useful for calculating fields from current loops, while the Coulombian model might be
more intuitive for calculating the force between permanent magnets [5], [6]. Previous energy with research on the force between
cylindrical permanent magnets often yielded complex and computationally expensive expressions. These methods typically relied on
fundamental magnetostatic laws, integral equations or approximations. Such models are cumbersome because calculating the force is
inherently complex, depending on the magnet's geometry, magnetization, and orientation. Many expressions published in previous
literature [7-17] are criticized for: lack of exact Solutions, high Complexity, computational cost. Agashe et al [8] presented an analytical
formula based on the assumption of uniform magnetization in the axial direction while using a magnetic field approximation for a
cylindrical magnet [8]. These expressions are complex and computationally more expensive than the closed-form expression given by
Furlani [9-11]. Researchers like Ravaud et al. [5], [6] provided formulas involving elliptic integrals without simplification for parameters
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like field, force, torque, and stiffness, further highlighting the inherent complexity of the calculation. Calculating the force is recognized
as a very complex procedure because it is highly dependent on the magnet's form, magnetization, and orientation. Many early exact
formulas were incredibly lengthy, containing a double summation of nine terms, each involving these elliptic integrals and complex
parameters. The majority of these works and others are based on the complete or simplified integral equations between magnets.
Calculating the force is a very complex procedure, as it depends on the form, magnetization, and orientation of the magnets. To overcome
these computational and complexity hurdles, the current work proposes a shift in modeling strategy:

e The use of the amperian current model is considered "more interesting” and suitable for deriving the new, simpler, and more efficient
analytical expression.
e The goal is to present a new expression that is less complex and more computationally tractable than most previous works.

We aim to develop simpler, more computationally efficient analytical expressions for calculating the magnetic force in two specific
configurations: between two cylindrical permanent magnets and between a cylindrical permanent magnet and a large, circular coil
(solenoid). This approach is intended to be more effective than prior work that lacked exact solutions and was more complex. The
expressions can be used to calculate the magnetic interaction between two cylindrical permanent magnets in a computationally efficient
way. The paper introduces a new method for accurately calculating the magnetic force in two specific configurations: between two
cylindrical permanent magnets and between a cylindrical permanent magnet and a large, circular coil (solenoid).

Il. ELECTROMAGNETIC FORCE EXPRESSION

For specific geometries, such as the axial force between a thick coil and a permanent magnet or between magnets, more complex
equations involving integrals are required. These equations incorporate the radii of the coil and the axial distance between them, as well
as complete elliptic integrals. Calculating the force in practical scenarios usually involves advanced mathematics (e.g., elliptical integrals
or numerical methods) because the magnetic fields are rarely uniform across the entire coil.

11.1 PERMANENT MAGNET MODEL

We generally use the Amperian current model or the coulombian approach [9-3] for calculating the magnetic field produced by
PMs (Figure 1). We can say that the choice of the model does not depend on the magnetic source nature. Indeed, in the Coulombian
approach, a magnetized magnet can be replaced by two charged surfaces, which are located on the lower and upper faces of this magnet.
In the same way, a thin coil carrying uniform current density can also be represented by two charged planes. However, in the case of PM
whose polarization is in tesla, its equivalent current must satisfy the following equation:

K= x#)/u 1)

Where n is the normal unit and p0 is the permeability of the vacuum. This implies that a parallelepiped PM can be replaced by
a thin coil whose current surface density is related to magnetic polarization J, as:

J = o=t @)

Figure 1: Representation of a cylindrical or cuboidal permanent magnet by Amperian current model and Coulombian approach.
Source: Authors, (2025).

11.2 MAGNETIC FORCE BY NUMERICAL DISCRETISATION TECHNIQUE

The Figure 2 on the right illustrates a numerical discretization technique, often used for modeling a uniform surface charge density.
The idea in calculus is that while using a few rectangles gives a rough approximation, using an infinite number of infinitesimally thin
rectangles gives us the exact area and, consequently, the exact electric field. In the figure, we are approximating the surface using inner
rectangles (each rectangle is inside the curve). We can then find the region of each of these rectangles, add them up and this will be an
estimate of the region. Using several rectangles will give us an exact approximation of the circular surface. The size of the rectangular
elements is 2a x 2b, and “hi” is the center of each element.
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Figure 2: Decomposition of the circular surface Figure 3: Elementary decomposition of cylindrical magnet
Source: Authors, (2025). Source: Authors, (2025).

The modeling of magnets can be based on coulombian method, the coulombian approach replaces the magnet by two surfaces
distribution of fictitious magnetic charge with surface density o* = M. n. In Figure 3, the cylindrical magnet is to be replaced by a cuboidal
shape composed of N cuboidal magnets. The interaction forces between the cylindrical magnets can be calculated by the following

formula:

Fmagnet = Zévzl Zglzl Fs,t

@)

Where N and M are the number of a first and second elementary magnets, respectively. The interaction energy between two

elementary magnets t and s, as shown in Figure 3, is given by:

1) B A b 1
Eps == ShoXheo COP [0 [0, [0, [5, ~dxdydxay

s 4Ty
The components of force can be calculated by:
Fo/ = grdd(Es,)

With :

]y i+
Fs,t = m {sV:1 Zgi1 Zil:o 211':0 Zl%:o lezo Zzlzzo chq:o(_l)l+]+k+l+p+q 1/)st(x,y,z)

Where
1

UgtVs 1
lpstx = 2 (Vst2 - VVstZ) ln(Rst - Ust) + UstVst ln(Rst - Vst) + VstVVst arctan (Rt_t) + ERst Ust

StVVst

1 Ugt Vs 1
lpsty = 2 (Ust2 - VVstZ) ln(Rst - Vst) + UstVst ln(Rst - Ust) + UstVVst arctan (Rt_t) + ERstVst

st¥st

UstVs
Ysez = —UseWee ln(Rst - Ust) = WVt ln(Rst - Vst) + Ust W arctan (#) — Rt Wy,
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The intermediate variables appearing in Eq. (9) are:
Up=a+(A (s+1)—2iAx2,(s)) — (@ (t+1) — 2jAx1, (1))
Vee =B+ (=1)PB (s) = (=1)'b ()
W =y +(=1)C —(=1)*c
MAx1,(s)=((A (s+1)—4 (5)/2

Ax2,(t)=((a (t+1)—a (t))/2

Ry = \/UstZ + Vst2 + VVstz

(4)

®)

(6)

U]

®)

©

(10)
(11)
(12)
(13)
(14)

(15)

Page 384



ITEGAM-JETIA, Manaus, v.11 n.56, p. 382-390, November/December, 2025.

I1.2.1 Magnetic Force in Cylindrical Single Axis Actuator

The new approximation can also be used to evaluate the force between a massive circular coil and a cylindrical magnet (Figure 4).
The force between a circular coil and a magnet is a result of the interaction between the magnetic field of the magnet and the magnetic
field produced by the current in the coil. This force can be calculated by using the formula for the Lorentz force, which involves integrating
the differential force along the wire of the coil. The total magnetic force acting on the thin coil is given by;

Fr=J, JcxB dv, (16)
_ ]X th
Fr = fVC Jy | x| Bye |dX dy dz (17)
B

zt

Where V. is the volume of the bar-shaped volume. Jc is the current density in bar-shaped volume, and B is the field created by a cylindrical
magnet.

Figure 4: System composed of a permanent magnet.
Source: Authors, (2025).
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Figure 5: PM and massive conductor in: a) x-direction , b) y-direction and thin coil.
Source: Authors, (2025).

By dividing the coil into four massive conductor, the model can precisely calculate the net useful force, the magnetic force has
been obtained analytically. The force is derived for the bar-shaped volume shown in Figure 5, with volume current density J and dimension
(2A x 2B x 2C). The coil moves in translation along the z-direction. The interaction force between the coil and the cylindrical magnet is
given by:

e The current in x-direction:

Fy= =TT 3 3 Tk 5y B T (- 1) I (18)
F =T 3T B D By T (- ) Py, (19)
e The current in y-direction:
Fo= =B N T DTy D (- D) P (20)
Fy = TPl 35 T Dy By T (- D) g, (21)
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These forces are obtained with the intermediate variables:

=J [ | arctg(i=)dXdy dZ =2U>+ V> —W?)+ 6 UVW arctg(om) —3 U (V> — W?) arctgh(3) — 3V(U* -
W?2) arctgh(>)) (22)

=J J | log(-V+R)dX dY dZ = =(-24 U® arctg (%) + 12V W R — 18 U2 W log(R + V) — 18 U Vlog(R + W) +
36UV Wlog(R — U) + 18 UW? arctg( “)+18 U V2arctg (L) + 6W3log(R + V) + 6 V3log(R + W) + 24 UV —
6 U arctg (o) + 18UV arctg (%) + 36 U Wzarctg( Z)+18U Warctg (%) —54 UV W - 2V3)  (23)

=J J [ log(~U+R)dX dY dZ = = (~24V® arctg (%) + 12U WR — 18 V> W log(R + U)) — 18 V> Ulog(R + W) +
36UV Wlog(R —V) + 18 VW2 arctg( “)+18V Uarctg (25) + 6W>3log(R + U) + 6 UPlog(R + W) + 24 V2U —
6V arctg (2r) + 18VVU? arctg (%) + 36V W2arctg (=) + 18V W2arctg (%) —54 UV W - U%)  (24)

11.3 MODIFIED FILAMENT METHOD

The filament method itself is an approximation technique where a conductor with a finite cross-section (like a coil wire) is modeled
as one or more infinitesimally thin, current-carrying "filaments" or wires. This simplifies the complex 3D integration required by the
Biot-Savart Law into more manageable 1D integrals. The modification involves regularizing the filament integrals (often by analytical or
semi-analytical methods) to correctly account for the conductor's finite cross-section and avoid these unphysical singularities. Consider
the two circular coils of rectangular cross section as shown in Figure 6 with currents I, I, flowing in primary and secondary coils. The
cross-sectional area of the first coil of the mean radius r, is divided into (2k+1) by (2N+1) cells, and that of the second of the mean radius
rs into (2m+1) by (2n+1) cells. Each cell in the first coil contains one filament, and the current density in the coil cross section is assumed
to be uniform, so that the filament currents are equal [16].

o r2

N

- -

2N+1 E N e
! " s
cells 2n+1 EN} i

2K+1 cells
cells 2m+1
colls

Figure 6: Configuration of mesh coils: two circular coils of rectangular cross section.
Source: Authors, (2025).

The expression for the mutual inductance between two coaxial filamentary circular coils of negligible cross-section is based on
the use of Maxwell's coils and is given by the expression:

YL 2 SR N DT B Mg ) 25)

(2K+1)(2N+1)(2m+1)(2n+1)

The formula for mutual inductance M(g,h,p,l) between two coaxial circular filamentary coils with radii rs and r, and separated
by a distance d is given by:

T (COS(B)——COS(Q)))IIJ(R)

M(g,hLp) = \/ 1, JF d¢ (26)
Where
W) = (2 k)K() - 2E(k) 27
V= \/1 —cos? (¢p) sin?(0) — 2 %cos(qb) cos(0) + ‘:—22 (28)
2 _ 4av
; (1+av)2+¢&2 (29)
Tp(h) mh h = -N,...,,N (30)

Page 386



ITEGAM-JETIA, Manaus, v.11 n.56, p. 382-390, November/December, 2025.

hs

rs(l)=rs+ml,l=—n,....,n (31)
_ bsin(6) _ _
z(g,p) =c oxind Yo P9 =K. .Kp=-m...m (32)
With
_p_ . _ s _ z(g,p) _ T3tmy . 1147y o _ b sin(9)
E=p acos(d))sm(@),a—rp(h),ﬁ—rl(h),rs— Sohs=r-—nt+n,n="""h=n r2+rw,y(p)—d+(2m+1)p,
-m,....,m (33)

Where L, is the magnetic permeability of vacuum. K(k) and E(k) are the complete elliptic integral of the first kind and second
kind, respectively. rp is the radius of the primary coil; rs is the radius of the secondary coil, ¢ axial distance between coil midplanes, d
radial distance between axes, a and b height of the primary coil and secondary coil, respectively. The electromagnetic force between two
current-carrying coils with radial or axial misalignment can be derived from the general expression with their mutual inductance gradient.
The force is calculated by the following equation:

oM
F=5Ll> (34)

Where |1 and I, are the currents of two coils and d is the generalized coordinate. Applying some modification in the mutual inductance
calculation, we deduced the magnetic force between the filamentary coils as follows:

e The propulsion magnetic force (axial force) for g = c:

o (o c0s(@0) -1 (k)

I I
Foxiat = l;)hzfé fo Jvs (39)
e The restoring magnetic force (radial or lateral force) for g =d:
Holz n(Ris“’sz("’“(“z_:z) cos(9)-37x() ol 1y ¢ (1= cOS(®) Goe—cos(¢)) (1+B2-a2VAp(k)
Fragial = wa fo Nz - fo Nd (36)
Where
2-k?
Yk) = kG K (k) = E(K)) (37)
—k?
x() =+ (=K (k) — E(K)) (38)

IV. RESULTS AND DISCUSSIONS

To calculate the mutual inductance between two cylindrical magnets (or more accurately, two massive cylindrical coils carrying
current, as shown in your diagrams), the most widely used and efficient approach involves the modified filament method or its semi-
analytical variations. From the two magnets presented by the Amperian approach, we can calculate the magnetic force by the modified
filament method. Consequently, in a first step, we have chosen to calculate the mutual inductance between cylindrical magnets as shown
in Figure 7. For calculation purposes, the magnetization can be mathematically replaced by an equivalent volume current throughout its
volume. This equivalent current is physically the same as that flowing in a coil, allowing the coil-based Biot-Savart Law to be used.

Z 4

Figure 7: System of magnets to study.
Source: Authors, (2025).
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Figure 8 is a representation of the mutual inductance between two coils/magnets versus the axial distance. The excellent match
between the blue line (modified filament method) and the black circles (analytical solution) demonstrates that the modified filament
method is highly accurate for calculating the mutual inductance of this specific coil configuration.

4 x107%°

Mutual inductance [H]

Modified filament method
©  Analytical method(Ravaud)

gh mm

)
[ | 25 mm

AS
3 i

1 Zbmm

07.5 mm

0.2

0.4

Axial[m]

0.6 0.8 1

Figure 8: Representation of the mutual inductance between two magnets versus the axial.
Source: Authors, (2025).

As shown in Figure 3, the dimensions of the first elementary cuboidal magnet are a, b and ¢ and its polarization is J. For the second
elementary magnet, are A, B and C, its polarization is J* and the coordinate of its center is a, p and y. The Ax1; and Ax2, are the width
of the first and second elementary magnets. The upper magnet moves in translation along the y-axis above the lower fixed magnet. For
comparing the result with our new approximation, we have calculated the same example (Figure 7) with modified filament method. In
this example, as the magnetization J of the magnet PM1 and PM2 are perpendicular to the surfaces 2a x 2b and oriented to the top, its
horizontal faces wear the density o = +jon the upper face, and ¢ = —J on the lower face. Calculating the exact magnitude of the radial
force is mathematically complex, involving calculus and functions like elliptic integrals, especially for thick cylindrical magnets.

Axial magnetic force [N]

Modified filament method

New approximation

Misalignment [m]

0.01 0.02 0.03

Figure 9: Force between magnets versus the misalignment axis (r1=r;=5mm, 2c=2C=10mm)
Source: Authors, (2025).

The takeaway from the Figure 9 is that both the "modified filament method" and the "new Approximation" yield results that are
in remarkably good agreement across the range of radial misalignment, as indicated by the blue and red lines virtually overlapping. This
suggests the "new Approximation" is a successful, and likely computationally less intensive, method for predicting the axial magnetic
force in this system. The graph is demonstrating the sensitivity of the magnetic force to positional errors. Even small radial misalignments
can significantly reduce the desired magnetic force (either attraction or repulsion) between the two cylindrical magnets. The Figure 10 is
a cross-section of a voice coil motor, which is essentially an electromagnet designed to create motion. The VCM can provide very precise,
continuous, and highly controlled motion, making it ideal for positioning and focusing applications.

Shaft

Permanent Maagnet

271¢,,,

——— —~——
- F N,
£ i ' r 9
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o o o e e
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R | kv L ) 7.
O O O | NA. = > =
o o o | S e
o o o . S o <
) ,“* .
.
N

Figure 10: A cross-section of a voice coil motor

Source: Authors, (2025).

Figure 11: Geometrical parameters of the magnets-coil system

Source: Authors, (2025).
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The Figure 11 is a diagram of an electromagnetic system, likely a simplified model for calculating magnetic forces or magnetic
fields, such as those found in linear actuators, magnetic bearings, or electro-mechanical devices. It displays the geometric configuration
and key dimensional parameters of a coil assembly interacting with a permanent magnet. The diagram features a permanent magnet at
the top and a solenoid-like coil composed of multiple turns below, separated by an air gap. The axial separation is the key variable that
changes the magnetic force. This geometrical model is typically used as the basis for analytical calculations of the axial magnetic force
Fz between the magnet and the coil. The force will be a function of the axial separation, Fz(z), as well as the currents, dimensions, and
magnetic properties of the materials. The Figure 12 purpose is to evaluate the accuracy of two computational methods ("modified filament
method" and "new approximation™) against actual experimental data ("measurement").

This figure is a plot comparing three different approaches for determining the axial magnetic force (measured in newtons, N) as a
function of axial position (measured in meters, m). Both theoretical models generally follow the trend of the measured data. The modified
filament method provides a very close fit to the measured data points, particularly in the initial range (0.016 m to 0.023). It consistently
overestimates the force slightly compared to the measurements in the 0.023 to 0.026 m range, and does not show the peak and subsequent
drop suggested by the measured data in the higher axial positions. The new approximation is most accurately captures the maximum
force observed in the measured data (around 0.13 N at 0.0235 m). After the peak, it predicts a decrease in force, which aligns better with
the general trend suggested by the few data points in the 0.024 m to 0.026 m range compared to the modified filament method. However,
it seems to underestimate the force slightly in the initial range (0.016 m to 0.020 m). In summary, the graph illustrates the trade-offs in
accuracy of the two computational models:

e The Modified filament method is generally very accurate but might not correctly predict the peak and subsequent drop in force.
e The new approximation is effective at modeling the peak force and subsequent decay but is less accurate at the lower axial positions.

For this case, the curves show good agreement between the approximation and the filament method results. Also, calculation
results have been confirmed by measurement values (Figure 12). The measurement and simulation results are in very good agreement
with calculation which indicates the feasibility of the approximation formulas.

Table 1: Design parameters for magnet-coil system

Dimensions Quantity Value
I Coil current 0.2A
Rc Outer radius of primary coil 18 mm
re Inner radius of primary coil 14 mm
L. Length of primary coil 10 mm
N Number of turns of primary coil 120
Rm Magnet radius 7.5mm
B Magnet remanence 1T
Lm Magnet length 10 mm

Source: Authors, (2025).

—©— Modified filament method
+  mearsurment
new approximation

Axial magnetic force [N]

0.02 L L L L L
0.016 0.018 0.02 0.022 0.024 0.026 0.028

Axial [m]
Figure 12: Axial force ‘F, ‘obtained from measurement and our approximation in different positions
Source: Authors, (2025).

V. CONCLUSIONS

The paper introduces a new method for accurately calculating the magnetic force in two specific configurations: between two
cylindrical permanent magnets and between a cylindrical permanent magnet and a large, circular coil (solenoid). The validity and accuracy
of this new method were established by comparing its results against two established benchmarks: The modified filament method and
measurement values. The new method was likely developed to offer a balance between the complexity of the highly accurate modified
filament method and the need for fast, accurate calculation, possibly achieving high accuracy with fewer computational steps. The findings
are highly relevant to the design and analysis of devices that use magnets and coils, such as magnetic bearings, linear motors, actuators,
or energy harvesting systems. The results confirm that the forces calculated using the new approximation show "excellent agreement"
with both the modified filament method and the actual experimental measurements.
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